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Abstract 

We prove the following result which was conjectured by Stichtenoth and 
Xing: let g be the genus of a projective, irreducible non-singular curve 
over the finite field F„2 and whose number of F g 2-rational points attains the 
Hasse-Weil bound; then either 4g < (q — l) 2 or 2g = (q — l)q. 

1. Throughout this note by a curve we mean a projective, irreducible non-singular 
algebraic curve denned over the finite field k := W q 2 with q 2 elements. This note 
is concerning with the genus g of a curve X whose number of fc-rational points 
#X(k) attains the Hasse-Weil bound, that is, 



#X(k) = q 2 + 2gq + l. 
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These curves are very useful for applications to coding theory (see e.g 
l'sf-Vlaf ). It is known that 2g < (q — l)q (|[Sti, V.3.3]), and that the Hermitian 



curve is the only one that satisfies (0) and whose genus is (g — l)g/2 [|R-Sti| . Here 
we prove the following result which was conjectured by Stichtenoth and Xing in 

Theorem. Let X be a curve of genus g, and suppose that X satisfies (|l|). Then 

% < {q ~ l) 2 or 2g = (q- l)q. 



We prove this theorem by using [|Sti-X| , Prop. 1], Ruck and Stichtenoth's |[R-Sti 
Lemma 1] and by using a particular case of the the theory of Frobenius orders se- 
quence associated to linear system of curves which was developed by Stohr and 
Voloch [ S- V | as a way of improving the Hasse-Weil bound. We also state another 
proof of Ruck and Stichtenoth's result (cf. ||R-Sti|| ) concerning Hermitian curves 
(see §4). We remark that Hirschfeld, Storme, Thas and Voloch also stated a char- 
acterization of Hermitian curves by using some results from |[S-V|| (see ||HSTV| ). 
In §3 we use ideas from the proof of ||HSTV| , Lemma 1] . 

In [F^TJ is considered the case of curves satisfying ([I]) and whose genus is 
bounded from above by (q — l) 2 /4. 

We are indebted to Professor J.F. Voloch for pointing out to us that the proof 
of the theorem in the previous version of this paper was incomplete. 
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2. Let X be a curve of genus g, satisfying the hypothesis flU). The starting point 
of the proof is the fact that there exists a fc-rational point Pq G X such that q and 
q + 1 are not-gaps at Po |[Sti-X| , Prop. 1]. Then the linear system 

v = g£l--=\(q + m\ 

is simple. Thus the genus g of X and the dimension r + 1 of T> are related by 
Castelnuovo's genus bound for curves in projective spaces ([£]], [ |ACGH| , p. 116], 
Corollary 2.8]). Thus we have 



2g < M(q-r + e), (2) 
where M is the biggest integer < q/r and e := q — Mr. 
Claim. 1 ([Sti-X, Prop. 3]) Ifr + 1 > 3 ; tfien 4# < (q - l) 2 . 

Proof. From ([|) we have 

2 ^ < (g-e)(g-r + e) < (2g - r) 2 



4r 

This implies the result. □ 

From now on we considerer r + 1 = 2. We apply V| ] to the linear system 
V = 9 2 q+ i = \(q + l)P Q \- For P G X let = Jo (P) < 3l {P) < j 2 (P) <q + l denote 
the (V, P)-orders (| |S-V| , §1]. The fact that q and q + 1 are non-gaps at P implies 

j 1 (P ) = l and j2 (P ) = g + l. 

To compute J2(P) for P G X{k) we use the fact that the linear system \(q + 1)P| 
is equivalent to V ( HR-Stij Lemma 1]). Then 

j 2 (P)=g + l, (3) 

provided P G X(k). 

Let denote by = u < v\ the fc-Frobenius order sequence of V (see |p-V| , Prop. 
2.1]). v\ satisfies 

u 1 <j 2 (P)-j 1 (P) = q + l- Jl (P), (4) 

for each P G X(k) fS^VJ, Corollary 2.6]. 

Associated to "D there exists a positive divisor S of degree 

deg(S) = v x {2 9 - 2) + (g 2 + 2)(q + 1) (5) 

whose support contains X(k). Moreover by ||S-V| , Prop. 2.4] we have 

v P (S) > ji(P) + (j 2 (P) - v{) > q + 2 - vx. (6) 



Claim. 2 Suppose Ag > (q — l) 2 . T/ien 

ft) "i = q- 

(ii) Jl (Q) = lforQeX(k). 
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Proof. Statement (ii) follows from statement (i) and relation (^). Applying (Q) 
for P we also obtain v\ < q. Now by using relations @, (jl]) and (||) we get 

(g - l)(i^(g + 1) - g) > 2^(g 2 - ^(g + 1) + 2g). 

Finally by using the hypothesis on g we get v\ > q and we are done. □ 

3. Proof of the Theorem. Let assume that 

Ag>(q-1) 2 . 

From the fact that q and q + 1 are non-gaps at Pq we have 2g < (q — l)g (see e.g 
Jenkins's §). 

Let i? be the divisor on X supporting the P-Weierstrass points, and let denote 
by = eo < ei < e 2 the order sequence of V (see | |S-V| , §1]). The degree of R is 
given by 

deg(i?) = ( ei + e 2 )(22-2) + 3(g+l). 

For each P G X we have vp(R) > J2i=o(ji(P) — e i)- Now since e, t < ji(P) for each 
i, from Claim |2] we have ei = 1. Moreover by |[S-V| , Prop. 2.1] we have e 2 = V\. 
Thus e 2 = g by Claim ^|. Hence by relation (^) we have 

v P (R) > 1 

for each P G X(A;). Consequently by ([D and deg(i?) it follows that 2g > (g — l)g, 
which proves the result. □ 

4. Remark. We close this note by proving that a curve satisfying (|l|) and whose 
genus is (q — l)g/2 is /c-isomorphic to the so called Hermitian curve which is defined 
by an equation of type 

yV + y = X q+1 . 



This result was proved in [ R-Sti|| . Here we give a different proof which is inspired 



on the example stated in ||S-V| , p. 16]. 



Let Po be as in §2 and let x, y G k(X) such that 

divoo(x) = qP and div^y) = (g + 1)P . 

Then by the Riemann-Roch theorem the fc-dimension of the linear system |g(g + 
1)P | is equal to (g + l)(g + 2)/2 - 1. Since 

#{(*, j) G N x N : iq + j(q + 1) < g(g + 1)} = (<? + ^ + 2) + 1, 
there exists a non-trivial fc-linear relation: 

F= Y, OiJ*Y = 0, (7) 

ig+i(?+l)<?(9+l) 

where a g+ i j0 7^ and a , g 7^ 0. X is isomorphic to the plane curve defined by F. 
After a /c-projective transformation we may assume a q+ i = a . g = 1 and a 9i o = 0. 
The fact that V\ = q > 1 implies 

(a; = (^-2/)^, (8) 
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where F x (resp. F y ) stands for the partial derivative with respect to the variable 
x (resp. y) of F. Let v denote the valuation associated to P . From (f|) we find 
that F y ^ and v(F y ) = 0. Thus F y = a ,i. Now we compute y q be means of (|7|) 
and hence from @ we get a 01 = 1, ajj = for (z, j) ^ {(0,0)), (0, q), (q + 1,0)}. 
Finally by another ^-projective transformation we may assume ao,o = and we 
find that F defines the Hermitian curve. 
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